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Physiological Search for Quantum Biological Sensing Effects
Based on the Wigner-Yanase Connection between

Coherence and Uncertainty

lannis K. Kominis

A fundamental concept of quantum physics, the Wigner-Yanase information,
is used here as a measure of quantum coherence in spin-dependent
radical-pair reactions pertaining to biological magnetic sensing. This measure
is connected to the uncertainty of the reaction yields and, further, to the
statistics of a cellular receptor-ligand system used to biochemically convey
magpnetic-field changes. Measurable physiological quantities, such as the
number of receptors and fluctuations in ligand concentration, are shown to
reflect the introduced Wigner-Yanase measure of singlet-triplet coherence. A
quantum-biological uncertainty relation connecting the product of a biological
resource and a biological figure of merit with the Wigner-Yanase coherence is
arrived at. This approach can serve as a general search for quantum-coherent

invented quantum technology and widely
applied it, or whether such paradigms are
just a few outliers in a generally clas-
sical biological world. As biological pro-
cesses are virtually limitless, a case-by-case
study of the detailed underlying physical
mechanisms at temporal and spatial scales
conducive to quantum-coherent effects is
rather challenging. So far, this is the only
available option.

We here introduce a systematic search
methodology based on an intimate con-
nection between quantum coherence
and quantum uncertainty. If quantum-

effects within cellular environments.

1. Introduction

Quantum biology promises to push the quantum-to-classical
transition barrier!!! and, to some extent, include into the quan-
tum world the more complex setting of biological systems. Spin
is an archetypal quantum system, often weakly coupled to de-
cohering environments.?l Hence, retrospectively, it is not sur-
prising that spin-chemical effects in biomolecular reactions!>=!
have become a major paradigm for quantum biology.l®23] Ex-
citation transfer in photosynthesis>!l and quantum spec-
troscopic effects in olfaction®’3* have also been studied in
the context of quantum biology, with more possibilities being
contemplated.[3>3¢]

Apart from a few specific examples supporting the premise
of quantum biology, a lingering question is whether nature has
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coherent dynamics are at the core of

a Dbiological process, then such a pro-

cess could have evolved toward an

economic design wherein statistical
effects in layers beyond the quantum-coherent core have adapted
to the core’s statistical uncertainties. This is not an unrealistic
assumption, as, for example, the sensitivity of the dark-adapted
human visual system is limited by the photon statistics of the
stimulus light.’”] To make the connection between coherence
and uncertainty, we use a coherence measure derived from the
Wigner—Yanase information.[8!

The benefit of this approach is that there could be numerous
biological processes, particularly within cellular environments,
where quantum coherent oscillations might not be immediately
accessible, as they are in 2D electronic spectroscopy of light-
harvesting systems(3**% or in spin-chemical reactions!*!l both
studied outside of the cellular environment. We illustrate our
findings with the radical-pair mechanism of biological magnetic
sensing and a cellular receptor-ligand system!*?! working as a bio-
chemical transducer of the quantum-coherent process. The gen-
eral scope of this approach becomes apparent in the final result,
which connects a quantifier of coherence with measurable bio-
chemical quantities without any reference to the details of the
coherent process. Finally, we arrive at a quantum-biological un-
certainty relation. It connects the product of a biological resource
(the number of receptors) and a figure of merit (magnetic sensi-
tivity) with the Wigner—Yanase singlet-triplet (S-T) coherence.

1.1. This Work in the Context of Previous Work on Quantum
Biology

As this work connects quantum coherence measures with bio-
chemical reactions and biochemical signaling processes, we first
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make a few introductory remarks aimed at making these connec-
tions clear to the general reader, putting this work in the context
of previous work.

Radical-pair reactions form the central biochemical system
studied by spin chemistry, a field addressing the effects of spin
(electronic or nuclear) on chemical reactions.*}! Spin chemistry
has been an active field since the 1960’s, however, it was rela-
tively recently that such spin-dependent biochemical reactions
were treated as an open quantum system with the tools of mod-
ern quantum information science.[®! In particular, it was shown
that a number of quantum measurement processes take place
during such reactions, and the fundamental decoherence mech-
anism was unraveled.!**]

In more detail, it was understood for a long time that coher-
ent oscillations between an electronic singlet and an electronic
triplet state are central in driving reaction dynamics, and in fact
leading to magnetic-sensitive reaction yields.**] On this premise
was founded the early idea of Schulten that such reactions un-
derlie the workings of the avian magnetic compass.[*] However
the rich quantum-dynamic aspects of these reactions remained
elusive until it was shown!® that the vibrational states of the
biomolecules undergoing spin-selective reactions realize a con-
tinuous quantum measurement of the radical pair’s spin state.
Several works!*] addressed quantum effects in these reactions,
applying the sophisticated tools of quantum metrology and quan-
tum information in a complex biophysical setting. Among the re-
cent works, a promising approach was to simulate such reactions
on a quantum computer.[*’]

Radical-pair reactions are currently a major paradigm for
quantum biology since quantum processes at the molecular scale
are seen to propagate even to the behavior of the organism at the
macroscopic scale, as, for example, in the case of the chemical
compass. Moreover, this paradigm has made the general premise
of quantum biology realistic and worthwhile to explore further,
since we are gradually understanding how Nature discovered
intricate ways to work right at the boundary of the quantum-
to-classical transition,[*] designing processes that are not max-
imally quantum-coherent yet not classical either.

Quantum coherence in radical-pair reactions and its potential
role as a useful “resource” have been studied in several works.
An empirical (not formal) attempt to quantify singlet-triplet co-
herence was made in ref. [7], while Plenio and coworkers formally
addressed the global coherence of the radical-pair spin states.!'3]
Since the S-T basis is central in radical-pairs due to the two re-
combination channels leading to two distinct reaction products,
the singlet and the triplet, the quantification of coherence in this
particular basis is important. A formal quantifier for S-T coher-
ence was introduced only recently by this author based on quan-
tum relative entropy,?°! further demonstrating S-T coherence is
indeed a useful resource for the compass working of such reac-
tions. Without such an explicit quantifier at their disposal, pre-
vious works*! attempted to understand the “quantumness” of
radical-pair reactions using semi-classical approximations to the
reaction dynamics and comparing them with full quantum sim-
ulations.

In this work, we introduce yet another formal quantifier of S-T
coherence, this one based on the Wigner—Yananse information.
The Wigner—Yanase information is a fundamental quantum-
information-theoretic concept regarding a quantum system’s
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density matrix p. To calculate the Wigner—Yanase information,
one needs as input the system’s density matrix and a system ob-
servable. This quantity then quantifies how much information
about this observable is accessible in the system’s state. In other
words, the Wigner—Yanase information also reflects uncertainty
in observables measured in the system state p.

Because of this connection to uncertainty, it is here shown
that the S-T coherence measure based on the Wigner—Yanase
information is rather useful, as it is connected with the uncer-
tainty in the reaction-product yields. The estimation of coher-
ence, which might not be straightforward otherwise, can thus be
accomplished by observing fluctuations in the concentration of
particular biomolecules.

Then, using a signaling model developed by Weaver and
coworkers,[*2 we connect the statistics of the signaling system
with the underlying coherence of the radical-pair reactions. In
particular, the authors in ref. [42] considered the binding of the
radical-pair reaction products (the singlet products) to membrane
receptors, since ligand-receptor binding is a ubiquitous signal-
ing process in biology. We here introduce into the model of ref.
[42] one additional uncertainty, the quantum uncertainty §Y of
the singlet reaction yield. Assuming that the signaling system
has been designed by nature to be quantum-limited, that is, so
that the quantum uncertainty §Y is dominant, we then unravel
connections between the reaction’s coherence on the one hand
and, on the other, the minimum number of receptors required to
achieve a given magnetic sensitivity. We thus connect a biologi-
cal resource (the number of receptors) and a biological figure of
merit (magnetic sensitivity) with the underlying quantum coher-
ence. All of the above are schematically summarized in Figure 1.

The quantum-limited design is a physically allowed assump-
tion that, building on our formal bound connecting S-T co-
herence with fluctuations in reaction yields, leads to the afore-
mentioned connections regarding the biological resource and
figure of merit. It is also a realistic assumption because, for ex-
ample, the dark-adapted human visual system is known to be
limited by the photon statistics of the stimulus light.?”) This is
indeed a valid parallel, since visual perception starts with a com-
plex cascade of chemical reactions taking place in rod cells!®!
involving time-dependent concentrations of numerous signaling
molecules, the end result of which is an action potential fired and
transmitted to the brain. Visual perception rests on several such
action potentials, and it is remarkable that the whole process is
indeed so fine-tuned as to be sensitive to the photon statistics of
the stimulus light.

We here make a similar assumption regarding the design
of the signaling process introduced by Weaver and coworkers.
Namely, the classical noise these authors consider is smaller than
the quantum noise that necessarily accompanies the concentra-
tion changes of the radical-pair reaction products. Whether such
an assumption is actually materialized in nature remains to be
found. In case it is, however, we unravel the aforementioned con-
nections between straightforward physiological observations and
the underlying coherence of the reaction. Moreover, in a certain
parameter regime, we show that the biological resource (number
of receptors) and the biological figure of merit (magnetic sensi-
tivity) both gain an advantage with increasing coherence, but not
arbitrarily. We show there is a constraint between those quanti-
ties, which looks like a quantum-biological uncertainty relation.
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Figure 1. Basicideas of this work. a) A biochemical spin-dependent reaction (radical-pair reaction) takes place in the reaction/sensing volume. Biomolec-
ular spin states evolve in time, being in a (partially) coherent singlet-triplet superposition, here shown for simplicity as a pure state. The spin-state evo-
lution is also affected by the ambient magnetic field; hence, this reaction acts as a biochemical magnetometer. The reaction products are found in either
singlet or triplet states, and the singlet products are assumed to enter a signaling volume, where they are detected by binding onto membrane-bound
receptors. The signaling model was developed in ref. [42]. b) The concentration of the singlet reaction products depends on the magnetic field, with the
dependence given by the radical-pair reaction dynamics. c) The concentration of singlet products as a function of time at some operating point (some
particular magnetic field), showing the fluctuations around a given (magnetic-field-dependent) value. The relevant distribution shown in the inset has a
width proportional to §Y, the quantum uncertainty in the singlet reaction yield. In this work, we use a coherence measure based on the Wigner—Yanase
information and connect the coherence of the reactants (the biomolecular spin states in the reaction volume) with §Y, the fluctuations in the reaction
products. Our main finding is a formal bound for the reaction-averaged Wigner—Yanase coherence, Cst, shown to be bounded above by twice the quan-
tum variance of the singlet reaction yield, 2(5Y)2. d) Using the signaling model of ref. [42], we then connect the minimum number of receptors Ry,
which is a biological resource, and the magnetic sensitivity 6B,,;,, which is a biological figure of merit, with the reaction’s coherence Csr, showing that
both R, and 6B, decrease with increasing coherence.

Wigner-Yanase quantifier of singlet-triplet coherence

Bl CST < 2(6Y)2 —

These results can help the search for quantum biological effects
in cellular environments since they lay out specific bounds and
scaling laws of measurable quantities at the physiological level
and thus allow the search on how far a core quantum-coherent
effect can propagate within cellular processes.

The text is organized as follows: In Section 2, we recapitulate
radical-pair reaction dynamics, which form the paradigm quan-
tum biological system used in this work, and arrive at an expres-
sion for the quantum uncertainty of the reaction-product yield. In
Section 3, we introduce a new measure of S-T coherence based
on the Wigner—Yanase information, and arrive at the first main
result of this work, which connects this coherence measure with
the variance of the singlet reaction yield. In Section 4, we reca-
pitulate the signaling model of Weaver et al., insert in this model
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the quantum uncertainty of the reaction yield, and arrive at con-
nections between the underlying S-T coherence and physiolog-
ical parameters of the signaling model. In Section 5, we arrive
at a constraining relation between the product of a biological re-
source and a biological figure of merit on the one hand and the
S-T coherence of the reaction on the other. We make general re-
marks in Section 6.

2. Quantum Fluctuations in Radical-Pair Reaction
Yield

Radical-pairs, pertinent to biological magnetic sensing, are in-
teresting both in their own right as magnetic-sensitive chemi-
cal reactions,*>°1753] and as a physical realization of the avian
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Figure 2. Radical-pair reaction scheme and physiological transduction mechanism based on membrane receptors. a) Schematic of radical-pair reactions,
showing the light-induced charge separated state, the singlet radical-pair SD**A*~ undergoing coherent mixing with the triplet radical-pair TD**A*~, driven
by the hamiltonian Hp. Radical pairs in any coherent superposition of singlet and triplet states can recombine to either the singlet or the triplet channel;
the reaction yields being magnetic-field-dependent. b) A cellular receptor-ligand system conveys information on the changing magnetic field through
the changing number of receptor-ligand complexes. Such complexes form when the ligands, the singlet reaction products shown as blue circles, bind
to membrane receptors in the “sensing” volume. c) The receptor-ligand binding-dissociation reaction with the relevant rates. This cellular model was

(a) Reaction/Sensing Volume

introduced in ref. [42].

magnetic compass.[>>*¢ Radical-ion pairs are created by elec-
tron transfer from photoexcited donor-acceptor dyads SDA
(Figure 2a). Initially, the two unpaired electron spins are in the
singlet state. Magnetic interactions captured by the spin hamil-
tonian M, drive a coherent S-T) mixing DA~ = TD'*A"-.
The dominant terms in H, are the hyperfine coupling of the
unpaired electron spins to the molecular nuclear spins and the
magnetic-field-dependent electronic Zeeman terms. S-T conver-
sion involves a coherent spin motion of all spins involved; how-
ever, it is the coherence between the S and T subspaces that is
mostly of interest in reaction dynamics.[?”) This is because the
end of the reaction through charge recombination takes place ei-
ther from the electron spin singlet channel or from the electron
spin triplet channel, leading correspondingly to two kinds of neu-
tral reaction products: the singlet neutral products (SDA) and the
triplet neutral products ("DA).

To quantify the recombination process, let p, describe the
radical-pair spin state at time ¢. Within the time interval dt, there
will be dng singlet and dn triplet neutral products, where dn, =
k,dtTr{p,Q,}, with x = S, T. Here, Qg and Q; are projectors to
the radical-pair S and T subspaces, while kg and k; are the cor-
responding recombination rates. For self-completeness we note
that the projectors Qg and Qy are complete and orthogonal, that
is, Qs + Qp = 1 and QsQ = 0, where 1 is the unit matrix of di-
mension d = 4d, .. The dimension d of the radical-pair’s density
matrix is determined by the spin multiplicity of the two unpaired
electrons (4) times the spin multiplicity, d,,. = Hj]i“lu“ (21, +1), of
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N, magnetic nuclei having nuclear spin [, withj = 1,2, ... Ny
Thus, the two projectors split the radical-pair Hilbert space into
an electronic singlet subspace of dimension d,,. and an elec-
tronic triplet subspace of dimension 3d,,,.

For equal recombination rates considered herein, kg = k; =k,
it is!?)) p, = e7¥p,, where j, follows the trace-preserving evolu-
tion dp,/dt = —i[Hy, p,] — ksr(Qsh; + 5,Qs — 2Qs A Qs), with xgr
being the S-T dephasing rate. The dephasing term in dj,/dt can
be considered to arise from an unobserved measurement in the
S-T basis taking place during the radical-pair state evolution.[**]
In previous work, we have shown that the intrinsic quantum dy-
namics of the reaction lead to kg = (kg + kr)/2. However, here
we take kg as a free parameter in order to include additional
sources of spin relaxation possibly leading to S-T dephasing.

The S and T reaction yields are Y, = /"dn, =
Jo dtke™Tr{5,Q,}, where x=S,T. Both yields depend on
the magnetic field B through j,, the time evolution of which is
influenced by the B-dependent hamiltonian H,. Since we will
only be dealing with the singlet yield, we denote Y = Y. The re-
action yield Y depends on the expectation value Tr{5,Q}, hence
it is accompanied by a quantum uncertainty, §Y, stemming from
the (time-dependent) uncertainty of Qg at the radical-pair state
7, In other words, by repeating the reaction several times, each
time with N, radical-pairs entering the reaction, the number of

™
singlet products will be distributed around the mean YN,, with

uncertainty 6Y4 / N,.

C
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To calculate §Y we note that it is variances that add up, hence,
the variance (6Y)? consists of the time-dependent variances of Qg
in the radical-pair state 5,, denoted by (AQS);. The contribution
of this variance depends on how far the reaction proceeded, thus,
(AQS)‘ZEr is weighted by the reaction term ke™*. Since Q is a pro-

jector, it is Q2 = Qg, hence
(AQS); = Tr{ﬁtQé} - Tr{ﬁtQS}z
= Tr{p,Qs}(1 - Tr{AQs}) (1)

Since the singlet and triplet projectors form a complete set, Qg +
Qp =1, we can write §Y in the S-T symmetric form

1/2

S§Y = [ /0 dtke ™™ Tr{5,Qs ) Tr{5,Q+} @)

The uncertainty §Y is generally of quantum origin, as it reflects
the randomness of a measurement of Qg in the state p,. However,
the state p, is in general mixed, hence 6Y might also include clas-
sical noise. In any case, in a physiological setting, the two sources
of uncertainty cannot be distinguished, so Y describes the to-
tal statistical fluctuations of Y, including classical and quantum
noise present in any given state p, entering Equation (2). Such
uncertainties in the reaction yields were investigated'’] in the
context of the precision limits of radical-pair magnetometers, but
with no relevance to quantum coherence. We will here unravel
the connection of the uncertainty § Y in the singlet reaction prod-
ucts with the coherent dynamics of radical-pairs.

3. Wigner-Yanase Connection between Coherence
of Reactants and Fluctuations of Reaction Products

Quantum coherence is about superposition states in a certain
basis. Superpositions in the eigenbasis of some observable im-
ply uncertainty in the measurement of this observable. For a
simple demonstration, consider a two-dimensional system in a
pure state and an observable A having two orthonormal eigen-
states |1) and |2) with corresponding eigenvalues a, and a,. If
the system’s state |y) exhibits coherence in the eigenbasis of A,
it will be |w) = ¢;|1) + ¢,|2). In this state, it is (A") = |¢,|%a} +
|c,|?ay, thus, the uncertainty (AA),, = [(A?) — (A)"]/% = (|a, —
a,1/2)C, [lw)], where C, [[ly)]] = 2|c,c,]| is the |;-coherence mea-
sure of |y ).’] Thus, in this simple case, zero uncertainty implies
zero coherence, and vice versa. Parenthetically, one might ar-
gue that this discussion is basis-dependent. Coherence is indeed
basis-dependent, but the basis is not always up to us to choose.
For example, in spin-chemical reactions studied herein, the S-T
basis is defined by the molecular electronic structure, hence it is
not an abstract mathematical choice (see ref. [58], for a further
example involving the controlled-NOT gate).

Radical-pair spin states are in general mixed and have di-
mensions larger than two; hence, we need to move beyond
the previous simple example. We now demonstrate the connec-
tion between coherence and uncertainty for a general mixed
state p of a system having dimension d. Central to this discus-
sion is the Wigner—Yanase[*®! skew information, extensively used
in exploring quantum resource theories.’*% It is Iyy(p, A) =
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—%Tr{[ p,A]’}, where A is an observable in the space spanned
by the basis vectors |j), withj = 1, 2, .., d. Yu introduced®! the co-
herence quantifier

d
Cloll = Y Iyy(p, 1) (3)
Jj=1

where II; = |j){j| is the projector to the basis state |j). If A
has as eigenbasis the states |j) with corresponding eigenvalues
a;, here ordered as 4, < a, <... <4gy, and the system state is
p =X pyli)(jl, then the variance of A in this state is (AA)f] =

% g Pipy(a — 3)* > %(a1 = a,)* X1 pipy- It is similarly found
that Zj(AHj)f) =Y, [) i To make further progress, we will use
a formal inequality,**) namely for any operator B, the Wigner—
Yanase information Iy (p, B) is bounded above by the variance,
(AB)%, of the operator B in the state p

Iy (p, B) < (AB)? 4

Using the definition in Equation (3) and the previous expressions
for (AA)? and ¥(AIL)?, we thus arrive at the inequality

(3, = a,)°Cllpll <2(AA)? ®)

In other words, the coherence of the state p expanded in the
eigenbasis of A is bounded above by a quantity proportional to
twice the variance of A in that state, given by (AA)? = Tr{pA’} —
Tr{pA}>. It is noted that in the discussions!®*l connecting coher-
ence with uncertainty, one can theoretically distinguish the gen-
uine quantum part of the uncertainty resulting from measure-
ments in a general mixed state p, from the classical noise inher-
ent in p. As noted previously with regard to the reaction yield
uncertainty, §Y, we will not make this distinction, as the mixed
states under consideration herein will lead to measurement un-
certainties that cannot be physically split into classical versus
quantum. This is why, by “uncertainty,” we refer to the total un-
certainty of an observable as defined previously.

As noted in the introduction, the S-T basis is central in radical-
pairs, since radical-pair reaction yields are determined by a quan-
tum measurement in the S-T basis. Thus, in order to explic-
itly address S-T coherence, we need to revise the definition of
Equation (3), which pertains to coherence within the total ba-
sis of the system. Like we did in ref. [20], by using the relative
entropy between p and its diagonal version in the S-T space,
QspQg + QrpQr, we here need to quantify coherence between
the whole singlet and the whole triplet subspace of the radical-
pair. To that end, we introduce the Wigner—Yanase S-T coherence
measure

Corllell = Lyy(p, Qs) + Lyx (0 Qr) (©)

This is a direct application of the coherence measure intro-
duced by Luo and Sun,*?l which reads C[lp] = X", Iyy(p, M),
where M; > 0, and Y'. \/M;y/M, = ¥"" M, = 1 defines a gen-
eral quantum measurement. Here we set m = 2, with M, = Qq,
M, = Q. Using again the inequality in Equation (4), and the fact
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that the variance of Qg equals the variance of Q; (see derivation
of Equation (2)), we obtain

Csrlell < Z(AQS),Z, ?)

Like in refs. [20, 65], we define a single number quantifying S-T
coherence over the whole reaction, the reaction-averaged coher-
ence

Csr = / Cor 7 1 ke ™ dt 8)
0

because again, the coherence, Cy;[3,], of the time-dependent
radical-pair spin state, j,, must be weighted by the reaction term
ke, Using Equation (2) for the reaction yield uncertainty §Y
together with Equation (7) we obtain our first main result: the
reaction-integrated Wigner—Yanase S-T coherence is bounded above
by two times the variance of the singlet reaction yield

Cor < 2(5Y)? )

The implication of this inequality can be hardly overstated. It con-
nects an S-T coherence measure of the reactants with physiologically
measurable fluctuations in the number of reaction products. Such a
relation could have wider applicability for quantum biological ef-
fects beyond the particular paradigm of radical-pair reactions dis-
cussed here. We also note that the bound (Equation (9)) is formal,
that s, valid for all radical-pairs of any dimension (any number of
nuclear spins) and any kind of Hamiltonian interactions or relax-
ation processes. The formal bound (Equation (9)) resulted from
the introduction of the S-T coherence measure (Equation (6))
based on the Wigner—Yanase information and the formal bound
(Equation (4)) connecting the Wigner—Yanase information with
the variance of the associated operator.

Admittedly, the smaller the upper bound in (Equation (9)), the
better this inequality confirms the absence of coherence. The con-
verse is obviously not true, that is, a large upper bound only im-
plies the possibility of a large coherence, and thus the merit of a
deeper analysis of the biological process under consideration.

Next, reaction yield uncertainties will be connected to the
statistics of physiological observables related to the cellular
processing of the radical-pair reaction products. Based on the
connection (Equation (9)) between S-T coherence and uncer-
tainty, we will then define a physiological search for quantum-
coherent effects.

To address the dynamic cellular processing of radical-pair re-
action products with, for example, the singlet product concen-
tration changing with time around an operating value, Weaver
and coworkers!*?] developed the receptor-ligand model shown in
Figure 2b. A flux of ligand molecules (the reactants SDA) en-
ters the “reaction volume,” and a fraction Y of this ligand flux
(the singlet reaction products SDA) enters the “sensing volume.”
The sensing volume contains in total R membrane receptors,
which can bind the ligand molecules. As receptor-ligand binding
is ubiquitous in biology, the basic idea of this model is that the
number C of receptor-ligand bound complexes will further sig-
nal at the physiological level the magnetic-field changes reflected
in the changing concentration of the ligands (reaction products).
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4, Coherence is a Resource in a Receptor-Ligand
Physiological Signaling System

According to the model of Weaver and coworkers,[*?! receptor-
ligand complexes of number C, are formed at the first-order
rate k; and broken at the zeroth-order rate k, that is, it will be
dC/dt = kf(R — C)L — k, C, where R — C is the number of unoc-
cupied receptors, and L « Y is the concentration of the ligands,
proportional to the singlet reaction yield. In the steady-state it will
be dC/dt = 0, from which follows

c= KR (10)
L+ K

where K =k /k; is the equilibrium constant of the ligand-

receptor binding reaction. Since L « Y, a magnetic field change

6B will effect a change in ligand concentration by

LdY
AL= 2 @)53 (11)

and thus a change in C derived from Equation (10)

ac= KR _Ap (12)
(L+ K)?

As noted in ref. [42], inherent in the ligand-receptor system are
fluctuations in C given by

VLKR

6C=1—
L+K

(13)
These are classical Poisson fluctuations stemming from the
probabilistic nature of the receptor-ligand binding at the single
molecule level.[°®) Finally, the authors in ref. [42] identify with
AC the biochemical “signal” conveying the magnetic field change
and with §C the relevant “noise.” Requiring AC > §C they arrive
at the minimum number of receptors necessary to achieve a de-

. (L+K)? Y 2
min, that is, R > KL (ldY/dB\é‘Bmm)

which is minimized at L = K, the minimum being

sired magnetic sensitivity 6 B

2
2Y
Ry = (- 14
min (|dY/dB|6Bmm> 4

The rationale of the minimization is(*?! that since R is a biolog-
ical resource, evolutionary pressure should have led to a system
design where the number of receptors R is minimum, given the
required 6B, .

However, besides considering the classical noise §C of Equa-
tion (13), we can now introduce in the discussion the reaction
yield quantum uncertainty §Y of Equation (2). The correspond-
ing uncertainty in the ligand concentration L is

5L = \/I(SY (15)
%

where V is the sensing volume.

We can now look at the previous discussion of ref. [42] from
a different perspective, building on the quantum foundations of
the system under study. First, and before moving to the level of
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the receptor-ligand transducing system, we can conclude that the
magnetic field change 6 B is measurable by whatever means only if
the change in ligand concentration, AL, produced by the change
8B is larger than the quantum noise 5L. Requiring AL > 5L and
using Equations (11) and (15) leads to

YéY

By L YoV
/Ly 14Y/dB|

Thus, we recover the standard quantum limit to the magnetic
sensitivity,[’] scaling as 1/+4/# of ligands, thus demonstrating
the consistency of the previous calculations.

Moving to the next layer, the ligand-receptor transducing sys-
tem, and in hght of Equation (12) relating AC with AL, the re-
quirement AL > 5L is equivalent to AC > 5C, where 5C is the
quantum noise in C stemming from 5L. That is, to find 5C,
we replace AL with 5L in Equation (12). The relation AC > 5C
does not provide any more information beyond the bound (Equa-
tion (16)). It just restates the fundamental measurability of §B
in the receptor-ligand transducing layer. The biochemical signal
conveying a magnetic-field-change is still AC, but now the funda-
mental noise limiting the measurability of 6 B is not the classical

(16)

noise §C but the quantum noise §C.

Now, however, we can propose another design rationale for
determining the biological resource R. We can here argue that
nature could determine R by the requirement that the recep-
tor/ligand classical noise §C of Equation (13) does not add extra
noise beyond 5C, the quantum fluctuations in C. In other words, the
requirement to have a “quantum-limited” receptor/ligand trans-
ducing system, well-adapted to the quantum fluctuations in the
reaction yield. This assumption is physically allowed; neverthe-
less, at this point, it is just an assumption. Moreover, it is a realis-
tic assumption due to the analogy with the human visual system’s
perception limits set by the photon statistics of the stimulus light,
as outlined in Section 2. Here, we unravel the consequences of
this assumption. We show that precise measurements of physi-
ological observables and their scaling behavior can reflect quan-
tum coherent effects.

The aforementioned requirement translates to 4C < 5C,
which leads to

, I+ KPV 1
— (17)
K (8Y)

This is apparently minimized for L =0, but then 6B shoots
up according to Equation (16). Thus, we minimize the expres-
sion R(6B)?, which, by Equations (16) and (17) reads R(6B)* >

2
(L;}L() (‘ dyj dB|) Alas, we arrive again at the same value for the

combined quantity R, (6B,,,)% as found previously in Equa-
tion (14) along the lines of Weaver and co-workers. Summarizing,

by bringing into the discussion the quantum noise 5C we intro-
duced two requirements: AC > 5C leading to Equation (16), and
5C>sC leading to Equation (17). The former inequality reflects
the fundamental measurability of 6B, while the latter expresses
the assumption of a quantum-limited design. Together, these two
inequalities imply AC > §C, which resulted from the previous ra-
tionale that led to Equation (14) along the lines of ref. [42]. Thus

Adv. Quantum Technol. 2023, 2300292 2300292 (7 of 10)

www.advquantumtech.com

the rationale of ref. [42] still holds, now being an implication of a
“quantum” design rationale of the receptor-ligand system.

Only now we obtain additional insights, since by applying
the minimization condition L = K we arrive at two expressions,
one for the sensing figure of merit 6B, ;, following from Equa-

min

tion (16), and one for the biological resource R, ;, following from
Equation (17)
1 vsy |\’
B, —_— 1
4KV
R_. = 19

We can now use our first main result, the bound Equation (9)
connecting the variance of the reaction product with the coher-
ence of the reactants. Combining Equations (9) with (19) we find

Rmin < (20)
CST

The inequality in Equation (20) is our second main result, con-
necting an S-T coherence measure of the radical-pairs (reactants)
with measurable physiological quantities of the first biochemical
layer transducing the reaction products, like the sensing volume
V, the reaction constant K of the transducing system, and the
number of receptors R, . Large coherence is seen to imply the ne-
cessity for fewer receptors, showing that quantum coherence is indeed
a biological resource that can propagate in biochemical layers outside
the coherent core process.

5. Singlet-Triplet Coherence as a Constraint for a
Biological Resource and a Biological Figure of
Merit

Finally, it would be useful to formulate a similar connection of
the magnetic sensitivity 6 B, with the reaction-averaged coher-
ence Cgp. This is less straightforward to obtain, since the quan-
tity Y8Y/|dY/dB| entering Equation (18) exhibits a non-trivial
dependence on Cgy. Hence, we resort to a numerical simulation
(see the following subsection). The empirical result found from
this simulation is that §B,;, is bounded below by

sp. > 0015 1

min =~ \/K—V \/C'_ST

Again, it appears that S-T coherence is a resource for magnetic
sensing, since the larger the coherence, the smaller 6B, ;,. The

(21)

scaling 6B, « 1/ VKV is amenable to experimental verifica-
tion. If observed, the underlying coherence of Cq can be ex-
tracted from Equation (21).

Further assuming that the inequalities in Equations (20) and
(21) are roughly saturated, we obtain a relation constraining
the product of R, (the biological resource, ideally small) with

min
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Figure 3. Quantum simulation of the Wigner—Yanase singlet-triplet coherence bound and the magnetic sensitivity of radical-pair reactions. The simula-
tion includes 5000 runs for each radical-pair model with number of nuclear spins ranging from 1to 4. a—d) The bound Cs7 < 2(6Y)? is obviously satisfied,
as it is formally derived and holds for any radical-pair model. Points closer to saturating the bound, Csr = 2(5Y)?, correspond to low values of k¢r. Note
that the maximum value of Cs7 is 1/2, while the maximum value of (6Y)? is 1/4. The radical-pair state is always mixed and exhibits partial coherence;
hence, these maxima are never reached. Large uncertainty does not imply large coherence, since highly mixed states in the S-T basis are uncertain yet
incoherent. Note also that some points appear to slightly violate the bound. This is because of the finite time resolution of the simulation, that is, we
split time from t,,;,, = 0 to t,,,,, = 10/k into 10 000 intervals. e-h) The magnetic sensitivity as given by the ratio Y§Y/|dY/dB| entering Equation (18).

It is seen that singlet-triplet coherence is a resource since the magnetic sensitivity is bounded below by 1/C

& with m = 1 for the minimal radical-pair

model with one nuclear spin, and m = 1/2 for more realistic radical-pair models having two or more nuclear spins.

(6Bn)? (the biological figure of merit, ideally small) by the
Wigner—Yanase coherence

, . 01
o (22)
ST

R, (6B

min ( min)

With increasing coherence, the system might choose to reduce the re-
quired resources or enhance its figure of merit (reduce 6B, ), however
not arbitrarily, but satisfying the constraint in Equation (22), which
can be seen as a quantum-biological uncertainty relation.

Clearly, Equation (22) does not reflect a necessity but a possibil-
ity. In other words, we here unravel what is physically possible.
Whether Nature has opted to operate in the parameter regime
saturating the bounds in Equations (20) and (21), and thus satis-
fying Equation (22), remains to be discovered.

In any case, the previous considerations outline a specific
methodology to search for quantum coherence effects in a layer
beyond the quantum-coherent core process, in close proximity
to the physiological environment. In particular, we here propose
the following possibilities: i) Scaling of reaction product concen-
tration variance with concentration. In principle, it is straight-
forward to measure the fluctuations in the reaction product
molecules (the singlet molecules SDA in the radical pair model
or the ligands in the receptor-ligand model). If the variance of
their concentration scales proportionally to the concentration it-
self, then to the extent that classical noise would exhibit linear
scaling instead, the system should be quantum-limited and Equa-
tion (9) can be used to estimate the underlying coherence of the
reactants. ii) Scaling of §B,,;, of Equation (16) with ligand con-
centration. Assuming the expression of cryptochrome can be ex-
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perimentally controlled in a specific organism, the magnetore-
ceptive sensitivity dependence on cryptochrome concentration,

L, can in principle, be established. If it is found to scale as 1/ VL,
then the system is quantum-limited. In particular, using Equa-
tion (16), we can provide a numerical estimate for the magnetic
sensitivity dependence on L. We use for the sensing volume V the
same value used in ref. [42], namely V ~ (0.4 mm)?. Using the

numerical results of Figure 3 for estimating the quantity | di(;:m
YoY

avsam ~ 50 (in units
of the reaction rate k), and taking as reaction rate k = 1 ps~!, we
find 6B, = 20 mG/+/L[nM]. iii) If the ligand-receptor system
is identified and the expression of receptors can be experimen-
tally controlled, Equation (22) can be checked. In particular, the
inverse dependence of R ;, on (§B,,;,)? is also a feature of model
of ref. [42]. If such a dependence is indeed established in par with
the model of ref. [42], the additional advantage provided by Equa-
tion (22) is a possible estimate of the underlying coherence.

appearing in Equation (16), namely setting

5.1. Quantum Simulation with a Multi-Spin Radical-Pair

To find the aforementioned empirical relation between 6B,
and Cg; we perform a full quantum simulation by propagat-
ing the master equation dp,/dt = —i[Hy, p,] — ks1(Qgsp, + 0,Qs —
2Qgp,Qs) — kp,, with k=1 and the Hamiltonian Hy = H+
B(s, +5,,) +Js; - s,, which includes the hyperfine coupling
hamiltonian H,, the Zeeman interaction of the donor’s and ac-
ceptor’s electron spin, considering the magnetic field along the
z-axis, and the exchange coupling of the two electronic spins.
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We have performed the simulation starting with the “minimal”
radical-pair model having just one nuclear spin (density matrix is
8 x 8), which is frequently used in theoretical considerations,®®!
as it is often sufficient to convey the basic physics of the prob-
lem under consideration. Nevertheless, we also performed the
simulation with more realistic radical-pair models having up to
4 spin-1/2 nuclei, for which case the density matrix is 64 x 64.

For the minimal radical-pair model, the hyperfine hamiltonian
is Hy¢ = as, - I, where I is the single nuclear spin operator, here
coupled to the donor’s electron spin. For a radical-pair model
with two or more nuclear spins, we also randomize their loca-
tion, that is, whether they reside at the donor or at the acceptor.
For example, for two nuclear spins, in the former case it would
be H,; = a8, - 1; + a,s; - L, whereas in the latter case it would be
Hye = a;s, - I, + a5, - I,. We proceed similarly with radical-pair
models containing 3 or 4 spin-1/2 nuclei. All couplings and rates
are normalized to k = 1. We randomize the hyperfine couplings
0 < g; < 10, the exchange coupling |J| < 10, and the S-T dephas-
ing rate 0 < kg < 5. The initial state is p, = Qg/Tr{Qs}, that is,
the two electron spins in the singlet state and the nuclear spins
fully mixed.

First, in Figure 3a—d, we numerically verify the bound in Equa-
tion (9). As noted before, the bound in Equation (9) is formal,
hence, the fact that it is satisfied in the numerical simulation is
no surprise. What might be less expected are the results shown
in Figure 3e-h, where we plot Y§Y/|dY/dB| as a function of Cg;.
The derivative |dY/dB| is calculated from the difference |Y(B =
k) — Y(B = 0)|/k, in other words the difference of the singlet re-
action yield at the non-zero magnetic field B = k from the yield at
B =0, divided by the non-zero magnetic field. We thus quantify
the low-magnetic-field effect,”) which makes radical-pair reac-
tions work as magnetometers at close to zero magnetic field. For
the minimal radical-pair model having just one nuclear spin it is
evident from Figure 3e that Y6Y/|dY/dB| £ 0.32/Cgy, whereas
for two or more nuclear spins we observe in Figure 3f~h that
Y5Y/|dY/dB| % 0-015/\/C_sr~ Assuming this remains the case
for radical-pairs with an even larger number of nuclear spins, we
arrive at the bound (Equation (21)). We note that in expressions
like 6B, R 3‘/0—% \/%? the magnetic field has units of frequency,
since in the simulation of Figure 3 we have normalized all rates,
including the magnetic field, to the recombination rate taken as
k = 1. Using the gyromagnetic ratio one can translate frequency
into a magnetic field.

6. Conclusions

To put our findings into perspective, we have presented a con-
nection of the Wigner—Yanase information with coherence and
uncertainty in a biological context. Such a connection was pos-
sible because of the mathematically established bound relating
the Wigner—Yanase information with the variance of the associ-
ated operator, and our introduction of a singlet-triplet coherence
quantifier derived from the Wigner—Yanase information.

From the biological side this connection was based on the
radical-pair biochemical magnetometer. Similar considerations
would apply to estimating the field’s direction in the context of
the radical-pair biochemical compass. It is also seen that the
underlying spin-dependent reaction fades away toward the end
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of our discussion. What remains from the actual system is just
the Wigner—Yanase coherence quantifier connected with the sys-
tem’s figure of merit (the magnetic sensitivity) and a system’s ba-
sic biological resource (the number of membrane receptors bind-
ing to reaction products, the concentration of which is magnetic-
field dependent). Our approach unravels physically possible ef-
fects and connections in the context of quantum biology working
at the physiological level, and can thus drive a systematic search
for other quantum-biological effects, since “quantum coherent
core process — ligand concentration — receptors” could be a per-
vasive biological paradigm.

An obvious next question is whether there are other biological
processes where some quantum coherent process can be linked
with fluctuations in some observable concentration. And a sec-
ond independent question is whether these processes are further
transduced by a receptor-ligand signaling system. For the mo-
ment, we will make a few remarks regarding the first more fun-
damental question, which from our perspective, should have an
affirmative answer. This is because it is clear that our first main
result connecting coherence with fluctuations is rather general,
and thus can potentially be applied in many different biophys-
ical scenarios. Good candidates are systems like electron trans-
fer reactions!”” or the biocompass model.l”*72] To make further
progress, however, one has to carefully define the underlying co-
herent degrees of freedom, and accordingly the fluctuating ob-
servables.

One other aspect of future work is the following. Obviously, if
classical noise is dominant, then the quantum fluctuations dis-
cussed in this work will not be easy to observe. However, even this
case is not detrimental. In quantum metrology quite some effort
has been spent in understanding the fundamental limits to mea-
surement precision, even though in many cases technical (classi-
cal) noise overwhelms the measured signals, making quantum-
limited measurements difficult if not impossible. Nevertheless,
in certain circumstances, for example, by taking advantage of the
spectrum of classical versus quantum noise, quantum-limited
measurements can be performed. To make a parallel, this work
has outlined the physically possible quantum-limited effects in a
cellular environment. The possibility of significant classical noise
in the relevant observables does not diminish the usefulness of
these considerations, because as in quantum metrology, once the
quantum-limited physical behavior is understood, one can then
devise methods to control/suppress classical noise and better ap-
proach the underlying quantum dynamics.
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